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Abstract

Based on the idea of Support Vector Machine (SVM) methodology, a new robust support vector linear regression
modelling known as Support Vector Weighted Fuzzy Regression (SVWFR) is introduced, for the case when the values
of response variable are fuzzy rather than crisp. The extension of the proposed method to the nonlinear case is also
investigated. In the proposed approach, a weighted operation is employed to improve the robustness of usual support
vector fuzzy regression models by assigning weights to the support hyperplanes constraints. While the fuzzy machine
learning-based models are typically sensitive to outliers, the advantages of the proposed models are their robustness
with respect to outlier data. The efficiency and applicability of the proposed models are investigated by using three data
sets: a synthetic dataset including outliers, a textile engineering data set, and a stress-test simulation with artificially
introduced anomalies. Across all cases, the introduced models consistently outperformed current fuzzy regression also
approaches, based on three well-known goodness of fit indices. Sensitivity analysis of nonlinear SVWFR parameters is
examined.

Keywords: Kernel function, outlier, robustness, support vector machine.

1 Introduction and motivation

In many real-world applications of regression modelling, available data are imprecise and thus usually presented by fuzzy
quantities rather than crisp numbers. In such situations, we need to employ fuzzy regression models which support the
imprecise quantities. Following Tanaka et al’s studies ([26] and [27]), the topic of fuzzy regression has expanded in two
main directions: possibilistic approach and least-square approach. These approaches have been widely applied across
numerous fields in recent decades. For further details, see e.g., D’Urso and Massari [9], D’Urso [10], and D’Urso and
Gastaldi [11].

Meanwhile, in some situations we may encounter the types of outliers in the observed data. In such cases, it is
usually preferred to use some robust approaches. The usual approach to achieve a robust regression model is to use
certain distances during related optimization procedure of finding the parameters of the underlying model. In this
topic, specially the absolute error distance is popular. Meanwhile, the weighted regression approach is another popular
method in robust fuzzy regression analysis (see Chachi [5], Chang and Lee [7], D’Urso et al. [13], and D’Urso and
Massari [12]). Readers interested in alternative robust frameworks may refer to see Arefi [2], Khammar et al. [21, 22],
Taheri et al. [6], and Zeng et al. [33]. It should be noted that, based on three goodness of fit indices, we will compare
our proposed models introduced in this paper with some of the mentioned works above, in Section 5.

On the other hand, the support vector machine (SVM) plays an important role in regression analysis. This method
employs SVMs to approximate the underlying functional relationship in regression tasks (see Gu et al. [14], Gou et
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al. [19], Hastie et al. [17], Qin and Qiqi [25], and Vapnik [29]. The The core principle underlying these methods
is structural risk minimization, which bounds the generalization error by the sum of the training error and a model
complexity term. Hong and Hwang [18] were the first to apply SVM to the multivariate fuzzy linear regression model.
Hao and Chiang [16] incorporated the concept of fuzzy set theory into the support vector regression machine, wherein
the parameters to be identified in the model, such as the components of weight vector and bias term and the desired
outputs in training samples, are set to be the fuzzy numbers. Asadollahi et al. [4] proposed a method for estimating
fuzzy regression models based on a novel robust SVMs with exact predictors and fuzzy responses. They introduced a
three-stage algorithm based on a modified robust loss function. Luo et al. [23] introduced a procedure to combine the
fuzzy membership functions with support vector regression and support vector quantile regression models for short-term
point and probabilistic load forecasting, respectively.

In spite of the usefulness various works in fuzzy repression by using the SVM approaches, however the problem of
outlier data has been remained as a potential challenge. This article introduces a robust fuzzy regression model, based
on SVM, for data with crisp predictors and fuzzy responses. For this purpose, we propose two new robust fuzzy support
vector regression models (linear and nonlinear) known as support vector weighted fuzzy regression (SVWFR). Th main
idea of the proposed approach, is to consider a weighted operation to guaranty the robustness of usual support vector
fuzzy regression models by assigning weights to the support hyperplanes constraints. Meanwhile, the cross-validation
grid search is used for regularization and smoothing parameters of the models. The effectiveness and advantages of
the proposed methods are then compared with some common fuzzy regression models. Unlike the previous methods,
this study addresses the problem of outliers data. Numerical results demonstrate that the proposed method yields
sufficiently accurate estimates in fuzzy regression, even in the presence of outliers. Numerical examples are given to
clarify the proposed model. The obtained models are justified by three well-known criterion.

This paper is organized as follows: In Section 2, a new SVFR (support vector fuzzy regression) approach is investi-
gated to fit the linear fuzzy regression models when the response variable is a fuzzy number. In Section 3, we present a
weighted version of SVFR for estimating the parameters in a fuzzy regression model. In Section 4, a nonlinear version of
the SVWFR approach is proposed. To investigate the effectiveness of the proposed methods, four numerical comparison
examples are presented in Section 5. In this section, the problem of sensitivity analysis of the parameters of th models
is also investigated. In Section 6, a numerical example is provided to demonstrate the outliers detection capability of
the proposed SVWFR approach. Finally, conclusions and new potential works are given in Section 7.

Throughout this article, the symbol Ñ = (N ; lN , rN )T is used for a triangular fuzzy number, wherein N , lN , and
rN , are center, left spread, and right spread of Ñ , respectively. The symmetric triangular fuzzy number is denoted by
Ñ = (N ; sN )T . Details regarding fuzzy numbers and fuzzy arithmetic, can be found in [34].

2 A new linear support vector fuzzy regression

In this section, we introduce a new approach in support vector fuzzy regression (SVFR) to evaluate linear fuzzy
regression models for crisp input-fuzzy output data, when the parameters of model are crisp quantities. To this end, we
treat the lower and upper bounds of the fuzzy regression model as boundary lines within the SVR approach. Then, we
maximize the distance between boundary lines in such a way that they include all the fuzzy data to find the optimal
fuzzy regression model.

Suppose we are given a fuzzy training set {xi, ỹi}, i = 1, 2, ..., n, where xi = (x1i, x2i, ..., xpi), and ỹi = (yi; lyi)T .
We consider the following fuzzy regression model

Ỹ = b⊕ (wx)⊕ δ̃ = (b+wx; lδ)T , (1)

where, b is the bias term, w = (w1, w2, ..., wp) is the weight vector and δ̃ = (0; lδ)T is the fuzzy error term (as a

symmetric trangular fuzzy number), wherein lδ is spread of δ̃. Consequently, the output function Ỹ and the error term
δ̃ are, triangular fuzzy numbers whereas the input variables and the SVFR model parameter are crisp values.

In the following, we introduce a novel SVFR method for estimating the parameters of the fuzzy regression model
defined in Eq. (1). Using arithmetic of fuzzy numbers [34], the values of estimated responses are obtained as

ˆ̃Yi = b̂⊕ (ŵxi)⊕ ˆ̃
δ = (b̂+ ŵxi; l̂δ)T . (2)
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Model (2) can be denoted by its lower limit ˆ̃Y L, its center ˆ̃Y C and its upper limit ˆ̃Y U as

ˆ̃Y L = b̂+ ŵx− ˆ|w|lx − l̂δ,

ˆ̃Y C = b̂+ ŵxi,

ˆ̃Y U = b̂+ ŵx+ ˆ|w|lx + l̂δ.

The center, lower limit and upper limit can be formulated as lower, center and upper hyperplanes as follows by
introducing the technique of the SVR.

ˆ̃Y L = 0,

ˆ̃Y C = 0,

ˆ̃Y U = 0.

In SVR approach, the optimal solution is determined by maximizing the margin of separation which is bounded by
two support hyperplanes. The optimal fuzzy regression model, therefore, can be obtained by minimizing the margin

bounded by lower and upper hyperplanes ( ˆ̃Y L = 0 and ˆ̃Y U = 0). Figure 1 shows a typical visualization of such a
procedure. Two support hyperplanes are the lower and upper bounds of the model, and the separating hyperplane is
the center of the model.

To find the best fuzzy regression model of the form (2), using SVR method, we maximize ˆ̃Y L and ˆ̃Y U , i.e the
distance between lower and upper bounds of the model as boundary lines in the way that they include all the data i.e.
ˆ̃Y L
i ≤ ỹLi = yi − lyi and ˆ̃Y U

i ≥ ỹUi = yi + lyi , i = 1, 2, ..., n (see Figure 1). Since ˆ̃Y L and ˆ̃Y U are two parallel boundary
lines, we have

D( ˆ̃Y L, ˆ̃Y U ) =
|2l̂δ|√
||ŵ||2

.

Since maximization of D2( ˆ̃Y L, ˆ̃Y U ) is equivalent to minimization of ||ŵ||2

4l̂2δ
, by modifying the basic idea of SVR for linear

regression, we achieve the following minimization problem for model (1).

Figure 1: Explanation of SVFR.

minb̂,ŵ,l̂δ,ξi,ξ∗i

||ŵ||2

4l̂2δ
+ C

n∑
i=1

(ξi + ξ∗i ),

s.t.
b̂+ ŵxi − l̂δ ≤ (yi − lyi

) + ξi,

b̂+ ŵxi + l̂δ ≥ (yi + lyi
)− ξ∗i ,

0 ≤ l̂δ ≤ max(ly),
ξi ≥ 0, ξ∗i ≥ 0, i = 1, 2, ..., n,

(3)
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where, C > 0 is a fixed penalty parameter chosen by the user (a larger C corresponds to assigning a higher penalty to
errors), ξi and ξ∗i (i = 1, 2, ..., n) are surplus variables that measure the amount of variation of the constraints for each
point, and ly = (ly1

, ly2
, ..., lyn

). By solving such a problem, the crisp coefficients and the parameter (spread) of the
fuzzy error term would be estimated.

3 Linear support vector weighted fuzzy regression (Linear SVWFR)

In this section, we present a weighted SVFR method for estimating the parameters of the fuzzy linear regression model
in Eq. (1) that is not sensitive to outliers. For this purpose, we extend the proposed SVFR in Sec. 2 by considering
weights ωi to support hyperplanes constraints.

We first consider the averages of differences between the lower and upper α-cuts of ỹi and
ˆ̃Yi as follows:

EL
i =

∫ 1

0

|ỹLi [α]−
ˆ̃Y L
i [α]|dα,

and

EU
i =

∫ 1

0

|ỹUi [α]−
ˆ̃Y U
i [α]|dα.

From the above equations, we consider minimum limitation of lower bound and maximum limitation of upper bound
of the ith fuzzy output of SVFR as follows:

ˆ̃Y L′

i = ˆ̃Y L
i −MED(EL

i ),

and

ˆ̃Y U ′

i = ˆ̃Y U
i +MED(EU

i ),

where, MED stands for the median absolute deviation as

MED(EL
i ) = median|EL

i −median(EL)|,

and
MED(EU

i ) = median|EU
i −median(EU )|,

where, EL = (EL
1 , E

L
2 , ..., E

L
n ), and EU = (EU

1 , EU
2 , ..., EU

n ). Now, for the ith case, its weight can be expressed as

ωi =


1 if ˆ̃Y L′

i ≤ yi ≤ ˆ̃Y U ′

i ,

0 if yi <
ˆ̃Y L′

i ,

0 if yi >
ˆ̃Y U ′

i ,

(4)

where, yi is the center of fuzzy number ỹi.
Therefore the minimization problem for the proposed method, can be formulated as follows

minb̂,ŵ,l̂δ,ξi,ξ∗i

||ŵ||2

4l̂2δ
+ C

n∑
i=1

(ξi + ξ∗i ),

s.t.
ωi(

ˆ̃Y L
i − ỹLi ) ≤ ξi,

ωi(
ˆ̃Y U
i − ỹUi ) ≥ −ξ∗i ,

0 ≤ l̂δ ≤ max(ly),
ξi ≥ 0, ξ∗i ≥ 0, i = 1, 2, ..., n,

(5)

where, ωi ∈ {0, 1} (i = 1, 2, ..., n) denotes the weight assigned to the ith observation, determind via Eq. (4) to effectively
mitigate the influence of outliers (4).

The following theorem, establishes how to estimate the parameters of the SVWFR model by solving minimization
problem (5).
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Theorem 3.1. Let {xi, ỹi}, i = 1, 2, ..., n denote a fuzzy training set, where ỹi = (yi; lyi)T . The corresponding estimated
fuzzy responses are

ˆ̃Yi = (b̂+ ŵxi; l̂δ)T .

Then, based on the Lagrange multipliers α1i, α2i, pi, p
∗
i , η1, and η2, the parameters of model (1) are obtained as follows

ŵ =
∑n

i=1(α2i−α1i)ωixi

2

( ∑n
i=1(α1i+α2i)+η1−η2∑n

j=1

∑n
i=1(α2i−α1i)(α2j−α1j)ωiωjxixj

)2
,

l̂δ =
−

∑n
i=1(α1i+α2i)−η1+η2

2
∑n

j=1

∑n
i=1(α2i−α1i)(α2j−α1j)ωiωjxixj

,

b̂ = −1
2

(
ŵωixi + ŵωjxj − ωi(yi − lyi

)− ωj(yj + lyj
)
)
,

(6)

for some values α1i, α2j ∈ [0, C].

Proof. 1) First, we find the solution to the minimization problem in the dual variables by finding the saddle point of
the Lagrangian function as

L =
||ŵ||2

4l̂2δ
+ C

n∑
i=1

(ξi + ξ∗i )−
n∑

i=1

α1iωi(yi − lyi − b̂− ŵxi + l̂δ + ξi)

−
n∑

i=1

α2iωi(b̂+ ŵxi + l̂δ − yi − lyi + ξ∗i )

−
n∑

i=1

piξi −
n∑

i=1

p∗i ξ
∗
i − η1 l̂δ − η2(max(ly)− l̂δ), (7)

where, α1i, α2i, pi, p
∗
i , η1, and η2 are the Lagrange multipliers.

2) In the second step, differentiating the objecting function with respect to the parameters and setting the results to
zero, yields 

ŵ =
∑n

i=1(α2i−α1i)ωixi

2

( ∑n
i=1(α1i+α2i)+η1−η2∑n

j=1

∑n
i=1(α2i−α1i)(α2j−α1j)ωiωjxixj

)2
,

l̂δ =
−

∑n
i=1(α1i+α2i)−η1+η2

2
∑n

j=1

∑n
i=1(α2i−α1i)(α2j−α1j)ωiωjxixj

,

∑n
i=1(α1i − α2i) = 0,

α1i = C − pi ⇒ α1i ≤ C,
α2i = C − p∗i ⇒ α2i ≤ C.

(8)

The values α1i and α2i can be determined by solving the following dual problem, which is obtained by substituting
(8) into (7) (we used “Mathematica” software [30] to do this)

maxα1i,α2i

L∗ =
10
(∑n

i=1(α1i + α2i) + η1 − η2
)2∑n

j=1

∑n
i=1(α1i − α2i)(α1j − α2j)ωiωjxixj

−
n∑

i=1

(α1i − α2i)ωiyi −
n∑

i=1

(α1i + α2i)ωilyi − η2 max(ly),

s.t. (9)
n∑

i=1

(α1i − α2i) = 0, α1i, α2i ∈ [0, C].

3) Finally, determine b̂, we apply the Karush–Kuhn–Tucker (KKT) conditions [23] to Eqs. (7) and (9), which yields

b̂ =
−1

2

(
ŵωixi + ŵωjxj − ωi(yi − lyi)− ωj(yj + lyj )

)
,

for some α1i, α2j ∈ [0, C]. This completes the proof.

Remark 3.2. The SVWFR estimation method is reduced to the ordinary SVFR estimation method if we put ωi = 1
for i = 1, 2, ..., n.
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Remark 3.3. The proposed SVWFR model includes a regularization parameter C. To select its optimal value, we
employed cross-validation combined with a grid search over an exponentially spaced range, specifically from

{10, 25, 50, 100, 500, 103, 104, 105}.

We then select the parameter value that minimizes the following sum of squared scores (SSS) that between ỹi and
ˆ̃Y(−i)

SSS =
1

2

n∑
i=1

(lyi
− l̂Y(−i)

)2 +

n∑
i=1

(yi − Ŷ(−i))
2, (10)

where, ˆ̃Y(−i) = (Ŷ(−i), l̂Y(−i)
)T , i = 1, 2, ..., n is the predicted fuzzy response value after leaving the ith observation from

the data set.

The algorithm of the proposed SVWFR is summarized as follows.

Algorithm 1. Computational algorithm for the fuzzy linear regression model (1).

Input: Given fuzzy data set {xi, ỹi}, i = 1, 2, ..., n.
Step 1. Determine the optimal parameter C of SVFR by using an exponential grid search from
{10, 25, 50, 100, 500, 103, 104, 105}.
Step 2. Compute the estimated fuzzy responses ˆ̃Yi of SVFR with the resulting optimal parameter C, by Theorem 3.1,
for ω = 1.
Step 3. Use Equation (4) as a weight for ith observation.
Step 4. Determine the new optimal parameter C of SVWFR by using an exponential grid search from
{10, 25, 50, 100, 500, 103, 104, 105}.
Step 5. Compute the estimated fuzzy responses ˆ̃Yi of SVWFR with resulting optimal parameter C, by Theorem 3.1.

Output: Estimated fuzzy responses ˆ̃Yi = (Ŷi, l̂Yi
)T .

4 Nonlinear support vector weighted fuzzy regression (Nonlinear SVWFR)

Now, we treat nonlinear SVWFR without assuming any underlying model function. This is achieved by mapping
xi → ϕ(xi) to embed the original Rn features into a Hilbert feature space F, ϕ : Rn → F with nonlinear kernel
kh(xi,xj) = ϕ(xi)ϕ(xj). Then, by applying the SVR algorithm, we obtain, the following fuzzy nonlinear regression
model

Ỹ = (b+wϕ(xi); lδ)T .

where, b is the bias term, w = (w1, w2, ..., wp) is the weight vector, and δ̃ = (0; lδ)T is the error term.
In the following theorem, we show how to obtain estimates for the parameters of the nonlinear SVWFR based on

optimization problem (5). The proof is similar to that of Theorem 3.1, and is therefore omitted.

Theorem 4.1. Suppose that {xi, ỹi}, i = 1, 2, ..., n is a set of fuzzy training set, where, ỹi = (yi; lyi
)T . Also, assume

that the values of estimated fuzzy responses are

ˆ̃Yi = (b̂+ ŵϕ(xi); l̂δ)T . (11)

Then, based on the Lagrange multipliers α1i, α2i, pi, p
∗
i , η1, and η2, the parameters in (11) are obtained as follows

ŵ =
∑n

i=1(α2i−α1i)ωiϕ(xi)

2

( ∑n
i=1(α1i+α2i)+η1−η2∑n

j=1

∑n
i=1(α2i−α1i)(α2j−α1j)ωiωjkh(xi,xj)

)2
,

l̂δ =
−

∑n
i=1(α1i+α2i)−η1+η2∑n

j=1

∑n
i=1(α2i−α1i)(α2j−α1j)ωiωjkh(xi,xj)

,

b̂ = −1
2

(
ŵωiϕ(xi) + ŵωjϕ(xj)− ωi(yi − lyi

)− ωj(yj + lyj
)
)
,

(12)

for some α1i, α2j ∈ [0, C].
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Remark 4.2. Based on the parameters given in equation (12), the estimation of the response variable is obtained as

ˆ̃Yi =

(
b̂+ 8

n∑
j=1

(α2j − α1j)ωjkh(xi,xj)
( ∑n

i=1(α1i + α2i) + η1 − η2∑n
j=1

∑n
i=1(α1i − α2i)(α1j − α2j)ωiωjkh(xi,xj)

)2
;

2
∑n

i=1(α1i + α2i) + η1 − η2∑n
j=1

∑n
i=1(α1i − α2i)(α1j − α2j)ωiωjkh(xi,xj)

)
T

.

Remark 4.3. In order to implement the above calibrated procedure of nonlinear SVWFR, we have to determine the
kernel function kh(.). Some common kernel functions are as follows:

Gaussian kernel, kh(xi,xj) =
1√
2π

exp

(
− t2

2h2

)
,

Epanecknikov kernel, kh(xi,xj) =
3

4
(1− t2

h2
), |t/h| ≤ 1,

Triweight kernel, kh(xi,xj) =
35

32
(1− t2

h2
)3, |t/h| ≤ 1.

where, t2 =
∑p

k=1(xki − xkj)
2. Note that we use a cross-validation method as expressed in Remark 3.3 for optimal

choice of smoothing parameter h. The values of {0.01, 0.1, 0.5, 1, 3, 5, 10, 25, 50, 100, 500, 1000} were considered for the
smoothing parameter h. Then, we select the value of h which minimizes the SSS function in (10).

4.1 Model evaluation criteria

Here, we recall some well-known criteria to evaluate the proposed models.

Definition 4.4. Suppose that ỹi and ˆ̃Yi are the values of the observed and estimated fuzzy responses. Based on the
distance d(ỹi, ˆ̃yi), a measure for goodness of fit of the model is defined as

I =
1

n

n∑
i=1

1

1 + d(ỹi,
ˆ̃Yi)

,

where

d(ỹi,
ˆ̃Yi) =

1

3

(
|yi − Ŷi|+ |(yi − lyi)− (Ŷi − l̂Yi)|+ |(yi + lyi)− (Ŷi + l̂Yi)|

)
.

Definition 4.5. [3] Consider the assumptions in Definition 3. The mean of similarity measures (MSM) between ỹi and
ˆ̃Yi, i = 1, 2, ..., n are defined as

MSM =
1

n

n∑
i=1

SM(ỹi,
ˆ̃Yi),

where,

SM(ỹi,
ˆ̃Yi) = 1−

∫
R
| ˆ̃Yi(x)− ỹi(x) | dx∫

R

̂̃
Y i(x)dx+

∫
R
ỹi(x)dx

,

and ˆ̃Yi(x) and ỹi(x) are the membership functions of ˆ̃Yi and ỹi, respectively.

Definition 4.6. Suppose that ỹi = (yi; lyi)T and ˆ̃Yi = (Ŷi, l̂Yi
)T , i = 1, ..., n, are the observed values and the estimated

values of response variables, respectively. The measure of central tendency for all data is defined as

φY =
1

n

n∑
i=1

(yi − Ŷi)
2.

The values of indices I and MSM are in [0, 1]. The optimal model is the model with maximum values of I and
MSM . On the other hand, The smaller the value of φY , the better the central tendency of the fuzzy regression model.
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5 Four numerical comparisons

In this section, we present four examples to demonstrate the effectiveness of the proposed linear and nonlinear SVWFR
models.

Example 5.1. Consider the data set given in Table 1 (Arefi [2]). In this data set, the observations of the independent
variable are crisp numbers and the observations of the dependent variable are symmetric triangular fuzzy numbers. By
using such data, we compare our proposed method with those of Hong and Hwang [18], Yongqi [32], Yao and Yu [31],
and Khammar et al. [21].

Based on the proposed method in Section 3, we fit a fuzzy regression model as follows

ˆ̃Yi = b̂⊕ (ŵ ⊗ xi)⊕ ˆ̃
δ,

where,
ˆ̃
δ = (0, l̂δ)T , i = 1, 2, ..., 10. Applying the proposed linear SVWFR approach to the given data set, we obtain the

fuzzy regression model with C = 100, as

ˆ̃Yi = 1.900⊕ ((0.675 xi)⊕ (0, 1.000))T ,

where, the pairs (b̂, ŵ, l̂δ) are determined from Theorem 3.1.
We now apply the proposed nonlinear SVWFR approach to the data in Table 1. Considering C = 100 and Gaussian

kernel with h = 1, we obtain the fuzzy nonlinear regression model with b̂ = 5.865 and l̂δ = 1. The values of predicted
response variables and the obtained weight value for each observation are reported in Table 3. The weight values for all
points are ωi = 1. Thus, in data set there is no outlier.

The results of optimal models are given in Table 2. The results show that the proposed nonlinear SVWFR model
performs better than the best model (among the other four models) with 22 percent increase in the index MSM , 16
percent increase in the index I, and 39 decrease in the index φY . See Figure 2 for the performances of the fuzzy
regression models considered in this example.

Table 1: Data set in Example 5.1.
xi ỹi = (yi, lyi )T xi ỹi = (yi, lyi )T
1 (2.0, 0.2)T 6 (6.0, 0.6)T
2 (3.0, 0.3)T 7 (6.0, 0.6)T
3 (5.0, 0.5)T 8 (7.0, 0.7)T
4 (4.0, 0.4)T 9 (8.0, 0.8)T
5 (5.5, 0.6)T 10 (10.0, 1.0)T

Table 2: Comparison results for numerical data in Table 1.

Model Parameters MSM I φY

SVWFR with C = 100 b̂ = 1.900, ŵ = 0.675, l̂δ = 1.000 0.454 0.654 0.427

Nonlinear SVWFR with C = 100, h = 1 b̂ = 5.865, l̂δ = 1.000 0.525 0.718 0.235

Hong and Hwang [18]
ˆ̃
b = (3.555, 0.111)T , ˆ̃w = (0.444, 0.088)T 0.367 0.619 1.266

Yao and Yu [31]
ˆ̃
b = (0.550, 0.000)T , ˆ̃w = (1.010, 0.480)T 0.269 0.410 1.152

Yongqi [32]
ˆ̃
b = (1.070, 0.000)T , ˆ̃w = (0.810, 0.280)T 0.431 0.563 0.427

Khammar et al. [21] with h = 1.5
ˆ̃
b = (1.700, 0.950)T , ˆ̃w = (0.720, 0.217)T 0.361 0.460 0.387
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Table 3: The values of predicted response variable ˆ̃Yi and the obtained weight values based on our proposed models
in Example 5.1.

SVWFR with C = 100 Nonlinear SVWFR with C = 100

No. ˆ̃Yi
ˆ̃Yi ωi

1 (2.57, 1.0)T (1.20, 1.0)T 1

2 (3.25, 1.0)T (2.32, 1.0)T 1

3 (3.93, 1.0)T (4.50, 1.0)T 1

4 (4.60, 1.0)T (3.44, 1.0)T 1

5 (5.27, 1.0)T (5.11, 1.0)T 1

6 (5.95, 1.0)T (6.43, 1.0)T 1

7 (6.62, 1.0)T (6.43, 1.0)T 1

8 (7.30, 1.0)T (7.31, 1.0)T 1

9 (7.97, 1.0)T (8.20, 1.0)T 1

10 (8.65, 1.0)T (10.01, 1.0)T 1

Figure 2: Fuzzy regression models in Example 5.1.

Example 5.2. In this example, we use a crisp input-fuzzy output data provided by Gunn [15] (see Table 4). The
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proposed linear and nonlinear SVWFR approaches are applied to this data set. We compare our proposed models with
the methods introduced by Kao and Chyu [20], Hong and Hwang [18], and Arabpour and Tata [1].

Thus, we fit a fuzzy regression model as follows

ˆ̃Yi = b̂⊕
(
(ŵxi)⊕ ˆ̃

δ
)
,

where,
ˆ̃
δ = (0, l̂δ)T , i = 1, 2, ..., 9. Applying the proposed linear SVWFR, we obtain the fuzzy regression model with

C = 50 as (see Figure 3)

ˆ̃Yi = −5.274⊕
(
(1.210 xi)⊕ (0, 2.964)T

)
,

in which, the pairs (b̂, ŵ, l̂δ) are determined from Theorem 3.1.
We now apply the proposed nonlinear SVWFR approach to the data in Table 4. In this case, with C = 50 we obtain
the fuzzy nonlinear regression model with parameters b̂ = 3.151 and l̂δ = 1.000 (see Figure 3). For this data set, we use
Gaussian kernel with h = 3. These parameters are determined concerning Theorem 4.1, Remark 4.3.

The values of predicted response variables and the obtained weight value for each observation are reported in Table
5. The weight values for all points are ωi = 1. Thus, there is no outliers in this data set.

The results of optimal models are given in Table 6. The results show that the proposed nonlinear SVWFR model
performs better than the best model (among the other four models) with 230 percent increase in the index MSM , 162
percent increase in the index I, and 94 decrease in the index φY . See Figure 3 illustrates the advantages of the fuzzy
regression models examined in this example.

Table 4: The data set in Example 5.2.

No. xi ỹi
1 1.0 (−1.6, 0.5)T
2 3.0 (−1.8, 0.5)T
3 4.0 (−1.0, 0.5)T
4 5.6 (1.2, 0.5)T
5 7.8 (2.2, 1.0)T
6 10.2 (6.8, 1.0)T
7 11.0 (10.0, 1.0)T
8 11.5 (10.0, 1.0)T
9 12.7 (10.0, 1.0)T

Table 5: The values of predicted response variable ˆ̃Yi and the obtained weight values for each observation in Example 5.2.

SVWFR with C = 50 Nonlinear SVWFR with C = 50, and h = 3

No. ˆ̃Yi
ˆ̃Yi ωi

1 (−4.064, 2.964)T (−1.100, 1.000)T 1

2 (−1.644, 2.964)T (−1.300, 1.000)T 1

3 (−0.434, 2.964)T (−0.551, 1.000)T 1

4 (1.502, 2.964)T (1.699, 1.000)T 1

5 (4.164, 2.964)T (2.200, 1.000)T 1

6 7.068, 2.964)T (6.800, 1.000)T 1

7 (8.036, 2.964)T (10.000, 1.000)T 1

8 (8.641, 2.964)T (10.000, 1.000)T 1

9 (10.093, 2.964)T (10.000, 1.000)T 1
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Table 6: Comparison results for different models in Example 5.2.

Model Parameters MSM I φY

SVWFR with C = 50 b̂ = −5.274, ŵ = 1.210, l̂δ = 2.964 0.315 0.362 1.794

Nonlinear SVWFR with C = 50, h = 3 b̂ = 3.151, l̂δ = 1.000 0.758 0.853 0.106

Kao and Chyu [20] b̂ = −4.895, ŵ = 1.195, l̂δ = 1.800 0.330 0.456 1.718

Hong and Hwang [18] with C = 500 b̂ = −5.451, ˆ̃w = (1.217, 0.508)T 0.289 0.321 1.882

Arabpour and Tata [1]
ˆ̃
b = (−4.895, 0.354)T , ˆ̃w = (1.195, 0.057)T 0.227 0.526 1.718

Figure 3: Fuzzy regression models in Example 5.2.

Example 5.3. (Application in textile engineering) Data set in Table 7 shows a coloration process in loom industrial (see
Tavanai et al. [28]). The variables x1, x2 and x3 (as the explanatory/independent variables) are the color density(g/l),
the time of process(m) and temperature (0C), respectively, and y

′
represents the value of color suction. Because of some

impreciseness in experimental conditions, the values of color suction are considered as triangular fuzzy numbers (as the
response variable with the help of logarithm i.e. Ỹ = (log(y

′
), 0.1 log(y

′
))T ).
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We apply the linear and nonlinear SVWFR models to analyze this data set. For this, we assume that the fuzzy
regression model is

ˆ̃Yi = b̂⊕
(
(ŵ1xi1 + ŵ2xi2 + ŵ3xi3)⊕ ˆ̃

δ
)
, i = 1, 2, ..., 48.

Table 7: Data set in Example 5.3.

No. xi1 xi2 xi3 y
′

i No. xi1 xi2 xi3 y
′

i

1 0.75 24.00 100 1.014 25 0.75 24.00 120 7.157
2 1.50 24.00 100 1.104 26 1.50 24.00 120 11.876
27 3.00 24.00 100 1.148 3 3.00 24.00 120 15.878
4 4.50 24.00 100 1.178 28 4.50 24.00 120 18.878
5 0.75 36.00 100 1.421 29 0.75 36.00 120 7.223
6 1.50 36.00 100 1.518 30 1.50 36.00 120 13.697
7 3.00 36.00 100 1.651 31 3.00 36.00 120 20.012
8 4.50 36.00 100 1.741 32 4.50 36.00 120 17.189
9 0.75 48.00 100 1.610 33 0.75 48.00 120 7.878
10 1.50 48.00 100 1.790 34 1.50 48.00 120 12.547
11 3.00 48.00 100 1.928 35 3.00 48.00 120 19.597
12 4.50 48.00 100 1.867 36 4.50 48.00 120 21.194
13 0.75 24.00 110 4.459 37 0.75 24.00 130 8.969
14 1.50 24.00 110 4.799 38 1.50 24.00 130 16.833
15 3.00 24.00 110 5.023 39 3.00 24.00 130 24.352
16 4.50 24.00 110 5.422 40 4.50 24.00 130 27.678
17 0.75 36.00 110 5.797 41 0.75 36.00 130 10.198
18 1.50 36.00 110 4.974 42 1.50 36.00 130 18.605
19 3.00 36.00 110 6.025 43 3.00 36.00 130 27.130
20 4.50 36.00 110 6.687 44 4.50 36.00 130 29.496
21 0.75 48.00 110 5.268 45 0.75 48.00 130 10.858
22 1.50 48.00 110 6.702 46 1.50 48.00 130 18.598
23 3.00 48.00 110 7.325 47 3.00 48.00 130 25.676
24 4.50 48.00 110 7.288 48 4.50 48.00 130 26.257

Based on our proposed SVWFR method, the optimal fuzzy linear regression model is fitted for C = 100 as follows

ˆ̃Yi = −7.785⊕
(
(0.136xi1 + 0.008xi2 + 0.079xi3)⊕ (0, 0.338)T

)
,

where, the values of (b̂, ŵ1, ŵ2, ŵ3, l̂δ) are estimated based on Theorem 3.1.
Moreover, based on our proposed nonlinear SVWFR with Gaussian kernel, the optimal fuzzy nonlinear regression

model is obtained for C = 100, b̂ = −3.012, l̂δ = 0.454 and h = 1. The results show that, the values of MSM , I, and
φY indices for the nonlinear SVWFR model (with parameters C = 100 and h = 1) are better than those of the linear
SVWFR model (Table 8). For instance, the performances of the linear and nonlinear SVWFR models are shown in
Figure 4, where the values of ŷis in nonlinear SVWFR model are more closer to the values yis for i = 1, 2, ..., 48.

Table 8: Comparison results for linear and nonlinear models in Example 5.3.

Model Parameters MSM I φY

SVWFR with C = 100 b̂ = −7.785, ŵ1 = 0.136, 0.236 0.787 0.113

ŵ2 = 0.008, ŵ3 = 0.079, l̂δ = 0.338

Nonlinear SVWFR with C = 100, h = 1 b̂ = −3.012 l̂δ = 0.454 0.422 0.866 0.036
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Figure 4: Plots of values ŷis (red points) and values yis (black points) for the proposed linear and nonlinear SVWFR
models based in Example 5.3.

5.1 Sensitivity analysis of nonlinear SVWFR parameters

In this section, we investigate the sensitivity of the nonlinear SVWFR model parameters to variations in the hyperpa-
rameters C and h.

Example 5.4. Consider the data set in Example 5.2. We check the sensitivity analysis in the proposed nonlinear
SVWFR with Gaussian kernel based on the different values of

C ∈ {10, 25, 50, 100, 500, 103, 104, 105} and h ∈ {0.01, 0.1, 0.5, 1, 3, 5, 25, 50, 100, 500, 1000}.

Based on the results in Table 9, for a fixed value of C, the values of φY decreases and the values of I increases when h
increases (see Figures 5). Hence, The best performances for the proposed nonlinear SVWFR are the values with h ≥ 1
and C ≥ 25. Note that for different values of C and h, the results are very similar, and therefore in this example, the
nonlinear SVWFR regression model does not show much sensitivity to choice the values of C and h.

Table 9: Sensitivity analysis based on the different values of C and h in Example 5.4.

h = 0.01 h = 0.10 h = 0.50 h = 1 h > 1
C = 10 I 0.647 0.772 0.846 0.851 0.851

φY 0.863 0.181 0.104 0.108 0.111
C = 25 I 0.645 0.785 0.851 0.851 0.851

φY 0.843 0.165 0.118 0.111 0.111
C = 50 I 0.643 0.784 0.846 0.851 0.851

φY 0.832 0.784 0.158 0.111 0.111
C = 100 I 0.636 0.796 0.851 0.851 0.851

φY 0.822 0.166 0.111 0.111 0.111
C = 500 I 0.626 0.806 0.851 0.851 0.851

φY 0.788 0.181 0.111 0.111 0.111
C = 1000 I 0.625 0.790 0.851 0.851 0.851

φY 0.779 0.168 0.111 0.111 0.111
C = 104 I 0.624 0.799 0.851 0.851 0.851

φY 0.693 0.149 0.111 0.111 0.111
C = 105 I 0.621 0.810 0.851 0.851 0.851

φY 0.687 0.140 0.111 0.111 0.111
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Figure 5: Sensitivity analysis in Example 5.4.

6 Robustness of the proposed model

In this section, we present an example to demonstrate the outlier detection capability of the approaches proposed in
the preceding sections.

Example 6.1. Consider the data set given in Table 4. Based on Figure 3, there is no outlier in this data set. To
examine the robustness of the presented models, we create two data sets with changes in some centers and spreads of data
(see Table 10). In anomalous data set 1, we change the centers of two data ỹ5 and ỹ8 as (20.2, 1.0)T and (−10, 1.0)T ,
respectively. Also, in anomalous data set 2, we change the spreads of two data ỹ3 and ỹ7 as (−1, 5)T and (10, 10)T ,
respectively.

Using relation (4), the weight values are calculated for anomalous data sets (see Table 10). Based on the weights
ω5 = ω8 = 0 in anomalous data set 1 and ω3 = ω7 = 0 in anomalous data set 2, these points are outliers. We also
calculate the fuzzy regression models for anomalous data sets 1 and 2. The results are summerized in Table 11. Based
on the goodness of fit indics, we can observe that:

1) Based on all goodness of fit indices, the proposed nonlinear SVWFR model has a suitable performance rather than
the linear SVWFR model.

2) The proposed linear and nonlinear SVWFR models are robust with the presence of different types of outliers.
Note that the estimated parameters of models with original data set and also with the anomalous data sets are
approximately similar.
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Table 10: Fuzzy output data set and the obtained weight value for each observation in presence of outlier in Example 6.1.

Original Anomalous Weights Anomalous Weights
output data output data 1 output data 2

No. ỹi ỹi ωi ỹi ωi

1 (−1.6, 0.5)T (−1.6, 0.5)T 1 (−1.6, 0.5)T 1
2 (−1.8, 0.5)T (−1.8, 0.5)T 1 (−1.8, 0.5)T 1
3 (−1.0, 0.5)T (−1.0, 0.5)T 1 (−1.0, 5.0)T 0
4 (1.2, 0.5)T (1.2, 0.5)T 1 (1.2, 0.5)T 1
5 (2.2, 1.0)T (20.2, 1.0)T 0 (2.2, 1.0)T 1
6 (6.8, 1.0)T (6.8, 1.0)T 1 (6.8, 1.0)T 1
7 (10, 1.0)T (10, 1.0)T 1 (10, 10)T 0
8 (10, 1.0)T (−10, 1.0)T 0 (10, 1.0)T 1
9 (10, 1.0)T (10, 1.0)T 1 (10, 1.0)T 1

Table 11: Comparison of results for anomalous data sets in Example 6.1.
Data Model Parameters MSM I φY

Anomalous SVWFR with C = 1000 b̂ = −4.846, ŵ = 1.169, l̂δ = 1.001 0.318 0.493 67.673

data set 1 Nonlinear SVWFR with C = 1000, h = 3 b̂ = 3.536, l̂δ = 1.000 0.531 0.641 73.314

Anomalous SVWFR with C = 100 b̂ = −5.020, ŵ = 1.152, l̂δ = 2.768 0.380 0.357 1.947

data set 2 Nonlinear SVWFR with C = 100, h = 5 b̂ = 3.829, l̂δ = 1.123 0.515 0.597 0.954

Figure 6: Robust Fuzzy regression models with anomalous data sets in Example 6.1.
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7 Conclusions

A new approach was presented to fit a robust SVFR model, termed Support Vector Weighted Fuzzy Regression
(SVWFR), for crisp inputs and fyzzy outputs. Furthermore, a nonlinear variant of SVWFR was proposed to cap-
ture nonlinear relationships. These approaches have the following key merits.

1) It is a new approach to fuzzy regression for crisp inputs-fuzzy output, and crisp parameters. In the proposed
approach, a weighted operation is utilized to improve the robustness of SVFR by assigning weights to the support
hyperplanes constraints.

2) We treat nonlinear SVWFR model for data without assuming any underlying function for the model.

3) By using different kernel functions, we can obtain different nonlinear fuzzy prediction models.

4) The proposed linear and nonlinear fuzzy regression models are robust with respect to the outlier data.

The proposed SVWFR model is marked by a set of novel contributions to the field of fuzzy regression and robust
machine learning; i.e.:

• Integrated Robustness via Fuzzy Weighting: The introduction of binary weights ωi ∈ {0, 1}, determined through
a median-based error envelope criterion, represents a fundamental shift from traditional penalty-based outlier
suppression. It systematically filters anomalous observations before their influence enters the optimization space,
making the model both resistant and interpretable in terms of robust decision rules.

• Hybridization of Fuzzy Set Theory and Structural Risk Minimization: By embedding fuzzy logic principles within
the support vector machine framework, the SVWFR model advances a hybrid paradigm where epistemic uncer-
tainty (fuzziness) and statistical learning principles are jointly leveraged.

• Extension to Nonlinear Spaces Without A Priori Model Specification: Through kernelization, the proposed nonlin-
ear SVWFR enables effective learning in high-dimensional feature spaces without assuming a predefined functional
form. This offers a model-free fuzzy regression solution, adaptable to complex nonlinear relationships.

Some methodological advances of the proposal are remarked below:

▷ Dual Optimization with Weighted Constraints: The derivation of the SVWFR parameters through dual optimiza-
tion, integrating nonnegative Lagrange multipliers and a novel structure of slack variables constrained by weights,
results in a generalized and modular learning algorithm. This allows for automatic relevance determination of
observations in the learning process.

▷ Sequential Model Calibration: The proposed SVWFR adopts a two-phase model fitting strategyfirst calibrating
a standard SVFR, and then computing weights ωi based on the discrepancy between model and data using fuzzy
α-cut differences. This algorithmic innovation introduces dynamic model feedback, enhancing robustness and
empirical fit iteratively.

▷ Cross-validated Grid Search for Regularization and Smoothing Parameters: The estimation of critical parameters
such as C (regularization) and h (kernel smoothing) is achieved via a systematic leave-one-out validation strategy
using the sum of squares score (SSS). This enhances the generalization capability of the models and aligns with
best practices in statistical learning.

The effectiveness -in term of empirical impact and practical value- of the SVWFR and its nonlinear extension has
been rigorously validated across multiple numerical examples and real-world data, including:

□ Synthetic datasets with controlled outliers (Examples 5.1 and 5.2).

□ A textile engineering application involving process variables and fuzzy responses (Example 5.3).

□ A stress-test simulation with artificially introduced anomalies (Example 6.1).
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Across all cases, the proposed models consistently outperformed existing fuzzy regression approaches in terms of
goodness-of-fit indices, while also successfully identifying and neutralizing outlier influence.

Importantly, the SVWFR approach provides interpretable weights that serve not only to increase robustness but
also act as diagnostic tools for anomaly detection-offering dual utility in both prediction and insight.

In spite of advantages of our proposed models, such models seems to have a few limitations. First, the introduced
weights is binary ωi ∈ {0, 1}. We can obtain the better results to introduce some methods with the soft weights
ωi ∈ [0, 1]. Second, the calculations for large datasets and with more variables are heavy and the time to obtain the
optimal estimations of paremetrs of SVWFR models is increased.

Future works: Building on the mentioned foundational advances of the proposed models, promising avenues for
future research include:

1. Extending the SVWFR framework to handle fuzzy input-fuzzy output data structures.

2. Generalizing the weighting mechanism to soft (continuous) weights for finer granularity of robustness.

3. Incorporating interval-valued or intuitionistic fuzzy sets into the regression formulation.

4. Adapting the SVWFR framework for online or streaming fuzzy data environments.
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