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Abstract

Extracting meaningful information from high-volatility data and uncovering multi-scale knowledge from stable-state
data remain key challenges in complex multi-attribute decision-making (MADM) problems. To address these chal-
lenges, a novel methodology that integrates stochastic empirical mode decomposition (EMD) with the Choquet integral
is proposed. The resulting three-stage framework first decomposes the original data into trend terms, reflecting objec-
tive laws, and deviation terms, capturing subjective cognition. These components are then aggregated using Choquet
integrals with Shapley values to explicitly model interactions among attributes. Finally, the framework is extended to
accommodate four decision scenarios involving known or unknown attribute sets and complete or incomplete attribute
values, with regularization introduced to mitigate potential bias. Case studies in investment decision-making demon-
strate the effectiveness of the proposed method in integrating objective trends with subjective deviations, highlighting
its advantages in multi-attribute information fusion and adaptability to complex decision environments.

Keywords: Multi-attribute decision-making (MADM), empirical mode decomposition (EMD), Choquet integral, data
mining.

1 Introduction

Multi-attribute decision-making (MADM) synthesizes multiple attributes to rank or classify alternatives, supporting
optimal choices in complex scenarios [23[26]. According to data characteristics, MADM problems can be categorized into
high-volatility scenarios or stable-state scenarios. Solving by traditional methods, the former usually faces difficulties
in decoupling motifs, separating noise or quantifying risks [16, 45]; whilst the latter struggles with strong similarity of
solution sets, redundancy of attribute representations, or balanced weight distributions [32]. Extant studies [24] 1]
indicate that applying multi-scale data mining to MADM problems can improve information utilization in the above
scenarios and reveal valuable latent patterns, ultimately enhancing decision accuracy.Existing multi-scale data mining
strategies usually follow one of three paths: (1) Attribute-based mining, which employs methods such as the Choquet
integral to fully exploit implicit inter-attribute interactions; (2) Preference-based mining, which utilizes both direct
and indirect preferences through preference learning methodologies to derive decision-makers’ (DMs’) authentic utility
values; and (3) Feature-based mining, which applies data decomposition techniques to separate a fluctuation series
into trend and deviation terms, extracting intrinsic data structures and evolutionary patterns. Overall, these strategies
focus on extracting inter-data relationships and elucidating the internal structure of the data. However, prior mining
techniques for MADM problems are frequently restricted to a single perspective, tending either to overemphasize inter-
data relationships or to concentrate exclusively on the data’s intrinsic features. To bridge this gap, this paper proposes a
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new data mining and fusion strategy, which employs empirical mode decomposition (EMD) to separate decision data into
a trend term (reflecting objective laws) and a deviation term (capturing subjective cognition), thereby extracting their
respective latent information. Subsequently, a preference learning model based on the Choquet integral is developed to
analyze and fuse the decomposed components, improving decision accuracy.

1.1 Feature extraction via EMD

Within the category of mining approaches grounded in the connotative features of data, the EMD method performs
decomposition entirely based on the inherent features of the data, without the need to predefine a basis function, thereby
offering high flexibility and adaptability [29]. Pioneered by Huang et al.[22], the EMD method breaks complex signals
into intrinsic mode functions (IMFs), representing distinct time-scale characteristics. Initially applied to nonlinear
systems [21], 22], it now spans multiple fields [36], such as in the field of the MADM. For example, Zhou et al.[50]
first applied it in this context, and subsequent studies integrated it with methods like normal cloud theory and Monte
Carlo simulation [28, 46]. Wang et al.[43] also employed the complete ensemble EMD method to extract residual trend
components, combining them with the UTA model to analyze online hotel review data. Currently, the research of
EMD combined with MADM solely focuses on the trend terms, neglecting the deviation terms, which carry essential
information entropy of the high volatility data, and thus their utilization directly impacting the reliability of the
decision-making models. Taking high volatility investment decision-making as an example, it is necessary to probe both
their objective law trends and abnormal behavior insights. Only through leveraging expert experience to identify the
mental account effect and mine high volatility characteristics, can we achieve precise decisions that are both practical
and personalized [25] 42].

1.2 Preference learning via the Choquet integral

To effectively aggregate and learn from the decomposed trend and deviation terms, a method capable of model-
ing complex attribute interactions is essential. Traditional MADM approaches typically aggregate multiple attributes
using domain knowledge, experience, and subjective preferences. Key aggregation methods involve integration oper-
ators [20], weighted sum model (WSM) [15], simple multi-attribute rating technique (SMART) [I3], gray correlation
analysis method [31], VIsekriterijumska Optimizacija I Kompromisno Resenje (VIKOR) [35], or outranking methods
such as Elimination et Choice Translating Reality (ELECTRE) [37] and Preference Ranking Organization Method for
Enrichment Evaluations (PROMETHEE) [9]. All these mainstream methods assume attribute independence, although
decision attributes actually exhibit varying degrees and types of interdependencies, such as synergy (i.e., cooperation)
or redundancy (i.e., competition) [I7]. Fuzzy measures and the Choquet integral address this limitation by jointly
considering attribute weights and interactions [40]. The Choquet integral is particularly suited for preference contexts
where DMs exhibit non-additive valuation patterns (e.g., sensitivity to specific attribute combinations), which linear
models cannot capture. Recent theoretical advances further support its use, such as capacities satisfying the buoyancy
property [§] and characterizations of delay-averse Choquet integrals [3], reinforcing its role in learning preferences from
indirect information.

In parallel, accurately capturing preference information among alternatives and attributes remains a key research
challenge. Preference learning emerged to address this by modeling decision data to infer interrelationships among
various attributes [I1], initially applied in goal programming [39]. In decision-making, DMs typically use an aggregation
model to reflect their value system based on given preference information [5], which can be either direct or indirect.
The former means that DMs explicitly provide parameter values (e.g., weights, thresholds), which is often difficult to
articulate directly. In contrast, the latter such as the comparison of alternatives [14], the categories to which they
belong [6] or the importance of attributes [4], along with their interactions [47], is easier to provide and less cognitively
demanding for DMs [I9]. Thus, the use of indirect preference information, combined with an aggregation model capable
of capturing interaction effects, such as the Choquet integral, can reproduce attribute interdependencies more accurately
and perform attribute learning more effectively.

Meanwhile, when employing the Choquet integral model to solve for inter-attribute relationship indices, one must
consider the large number of parameters involved, which makes estimation extremely difficult. At this point, the class
of k-additive measures (notably Sugeno-type fuzzy measures) provides a structured and interpretable way to handle
this challenge, especially when dealing with large-scale preference data. In this paper, we adopt the widely used 2-
additive fuzzy measure as the underlying capacity for the Choquet integral. This choice offers a balanced compromise
between modeling flexibility and computational tractability: it captures all pairwise interactions among attributes
while avoiding the exponential complexity associated with higher-order capacities. Recent studies have reinforced the
practical relevance of these choices; for example, 2-additive capacities have been shown to effectively model compliance



A stochastic EMD-Choquet integral approach for multi-attribute decision-making 97

and intertemporal trade-offs in dynamic decision contexts [2], while Sugeno-type capacities offer a natural extension
of exponential and hyperbolic discounting within fuzzy integrals [I]. These developments motivate our adoption of a
2-additive Choquet integral as the core aggregation tool for learning preferences from indirect comparisons.

Nevertheless, practitioners frequently encounter high computational complexity, model overfitting, or parameter
polarization, when solving attribute interactions via Choquet integral. To address these issues, regularization, commonly
employing L1 and L, norms, is widely used to minimize output weights, proving especially effective for small-sample,
high-dimensional datasets [51]. Thus, this paper will integrate both L; and Lo regularization methods to construct an
elastic net regularization term, which will be incorporated as an additional penalty term in the objective function, so
as to address issues such as parameter extremization in the newly developed preference learning model.

1.3 Research contents and structure

This paper presents a stochastic EMD-Choquet integral method for MADM that integrates multi-scale feature
analysis with attribute aggregation to capture DMs’ true preferences, decompose high-volatility data, and analyze the
deep structure of stable-state data. The main contributions are:

(1) Stochastic EMD method based on data feature mining: We develop a data enhancement technique
that integrates random sampling with the EMD method, overcoming the limitations of traditional single-dimensional
data mining. Through stochastic non-replacement sampling, multiple attribute sets are generated, and their trend and
deviation terms are decomposed via the EMD. Such process enables data volume expansion, tacit knowledge discovery,
and precise extraction of deep features, thereby providing a more robust data foundation for subsequent analysis.

(2) Interactive preference aggregation model based on Choquet integral: A nonlinear aggregation frame-
work considering attribute correlation and indirect preference learning is used to model the complex dependencies
among attributes. Namely, the trend and deviation terms are separately analyzed using Choquet integrals. Later,
fuzzy measures (represented by weights and interactions) are iteratively learnt to enhance the model’s adaptability and
precision, by incorporating indirect preferences such as pairwise comparisons of alternatives or attributes.

(3) MADM model based on multi-scenario adaptation: A four-class adaptive learning mechanism is in-
troduced to address incomplete and heterogeneous data, enabling flexible decision support. By classifying scenarios
according to the known/unknown status of aggregated attribute sets or the completeness of attribute values, four dis-
tinct MADM models are built, achieving expected loss minimization, difference maximization, and attribute parameter
optimization under extreme values, thereby comprehensively meeting complex decision requirements.

The rest is organized as follows: Section [2] presents preliminaries of this paper, including the decomposition method
based on stochastic EMD and the aggregation method based on Choquet integral. Section [3] constructs novel stochastic
EMD-Choquet integral models for MADM problems. Section [4] introduces a case study and Section [f] performs some
comparative analysis. Finally, concluding remarks and several promising research directions are given in Section [6]

2 Preliminaries

Assume there exists a set of alternatives in a MADM problem, denoted as X = {x1,x2,..., %}, where z; is the
i —th (i € M) alternative; a set of attributes G = {¢1, 92, ., 9n}, Wwhere g; means the j —th (j € N) attribute. Let
g;(z;) denote the evaluation value of alternative x; under attribute g;. Without loss of generality, we assume that higher
attribute values, the better performance. The decision score for each alternative is computed using the aggregation
function f(-), yielding the set of aggregated scores Y = {y1,y2, ..., Ym}, where y; = f(g1(z;), ..., gn(x;)) represents the
aggregated value of the ¢ — th (i € M) alternative.

2.1 Decomposition method based on stochastic EMD

As a classical time-series analysis tool, the EMD is widely used in data forecasting. Its key advantage lies in effectively
capturing objective trends and subjective deviations in data, thereby revealing intrinsic data structures more clearly
and improving forecast accuracy and reliability. In MADM problems, implicit feature mining of attribute evaluations
decomposes an alternative’s performance on each attribute into objective trend and cognitive deviation terms, providing
DMs with granular insights to optimize their decisions. This paper introduces the EMD technique into MADM for
attribute feature mining. To address fundamental differences between decision alternatives and time series, we propose
a stochastic multi-attribute EMD method that incorporates sequential relationships among alternatives. We begin by
briefly summarizing the conventional EMD procedure for time series.
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2.1.1 Traditional EMD methods for time series

The basic idea of EMD for time series [22] is to decompose a non-smooth signal into a series of IMFs by iterative
means. Each IMF must satisfy two conditions: (1) The number of extrema (local maxima and minima) is equal or
differs by at most one across the entire signal; and (2) The mean value of the envelope formed by local maxima and
minima is zero at any point.

The steps of the traditional EMD method are as follows:

Step 1: Let x(t) denote the original signal, where ¢ represents time points. Identify all local maxima and minima
of z(t), then construct upper and lower envelopes by cubic spline interpolation of these extrema.

Step 2: Compute the mean envelope m (t) as the average of the upper and lower envelopes.

Step 3: Subtract the mean envelope mq (¢) from the original information sequence x(¢) to obtain the new sequence
hi(t), and determine whether hq(t) satisfies the conditions of IMF as

hi(t) — z(t) = my (2). (1)

Step 4: If hy(t) fails to meet the IMF conditions, repeat Steps 1-3 by treating hi(¢) as the original signal until the
conditions of IMF are met. Assume that hy(t) is obtained after k times to meet the two conditions of IMF, then hq (t)
is the first intrinsic modal sequence of the original signal z(t), denoted as ¢;(t), and the decomposition is completed

o er(t) = ha(b). )

r1(t) = x(t) — e (b). 3)

Step 5: Define 71 (t) as the residual trend sequence after one decomposition cycle (Steps 1-4). Repeat Steps 1-4 with

r1(t) as the original signal. After n iterations, if the residual 7, (t) meets termination criteria (e.g., becomes monotonic
or satisfies energy thresholds), all IMF's are extracted. The original signal can then be expressed as

n

2(t) =Y cit) + ra(t) = C(t) + ra(t). (4)

i=1

2.1.2 Stochastic multi-attribute EMD methods

In time series forecasting, residual trends from decomposed signals typically exhibit stable characteristics, while
IMFs capture fluctuations. Similarly, for MADM problems, we decompose attribute evaluations of alternatives to
obtain: trend terms (reflecting objective laws) and deviation terms (capturing subjective cognition), thus enabling
efficient processing of high-volatility data and deep mining of stable-state data.

Unlike time series, MADM alternatives lack temporal sequences. To minimize the impacts of ordering uncertainty,
we generate scheme position sets via stochastic non-replacement sampling. Accordingly, we propose a stochastic multi-
attribute EMD method that employs the decomposed residual trends and IMFs to derive two categories of feature
information characterizing the attribute’s internal structure: trend information and deviation information. The flow of
the stochastic multi-attribute EMD method is illustrated as Figure

Step 1: Based on the alternative set X = {x1,za,...,%:}, assign indices from 1 to m to generate a position set
{1,2,...,m}. The evaluation vector for the j — th attribute is defined as {g,(x;)|i € M, j € N}.

Step 2: Perform s iterations of non-replacement random sampling on the alternative set X. For each iteration

s, we generate a resampled set X (¥) = {ac‘(f()l)7 xfjs()Q), ... ,asgs(zn)}, where o(1),...,0(m) is a random permutation of the

position indices {1,2,...,m}, and the attribute evaluation set {gj(x(s)))\i €M, je N}

o(i
Step 3: Taking the j — th attribute set {g; (ac((j()l))h € M, j € N} as the input of the original signal, employ the
traditional EMD method in Section 2.1.1 to decompose the sequence, and obtain the two types of features for the
attribute g; from the s — ¢th random sampling, i.e., the trend term set {C’](-S) (x;)} and the deviation term set {rj(-s)(xi)},
respectively.
Step 4: Calculate the mean values of the attribute feature obtained from j times of random sampling decomposition,
so as to derive the attribute feature sets representing different scenarios, i.e., the trend term set {Cj(x;)} and the

deviation term set {r;(x;)}, with Cj(z;) = (1/5) 3 O\ (z;) and rj(x;) = (1/s) i ().

S S
Here, s represents the number of random sampling iterations, with 1 < s < m! (where m is the number of alterna-
tives). As the number of iterations increases, the ranking order of the options gradually stabilizes. Based on subsequent
specific case analyses, this paper sets the number of iterations to s = 5000, which can meet the decision-making
requirements while also taking computational efficiency into account [27], 28] 46].
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Figure 1: Flow of the stochastic multi-attribute EMD method

2.2 Aggregation method based on Choquet integral

The Choquet integral is a prominent attribute aggregation method for handling non-additive interactions, whose
advantage lies in fully capturing associative relationships among attributes [I7, [33]. This section describes a preference
learning method using indirect pairwise comparisons to derive attribute weights and interactions, and the Choquet
integral for aggregation, to achieve more accurate rankings and decisions.

2.2.1 Choquet integral aggregation method

Definition 2.1. A capacity (fuzzy measure) on N is a real-valued set function p : 2V — [0,1] defined on the power
set 2N of N (set of all sub-sets of N ), satisfying boundedness (i.e., normalization condition) and monotonicity (i.e.,
monotonicity condition) below:

o | (la)normalization condition : (@) =0, p(N) =1
Ey
(1b)monotonicity condition: B C C C N, u(B) < u(C)

The Mobius transformation of y is a signed-value set function m : 2V — R defined by Grabisch[I8]:

m(C) = Y (-1)Nlu(B). (5)

BCC

Accordingly, the inverse of the Mobius transform is

satisfying the property [12] as

1) m(@) =0, S m(B)=1.
BCN

2)VCC N, S m(B)>0.
BCC
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The Choquet integral of a set of alternatives X = {x1,x2,...,2,,} with respect to the capacity u is defined as

Z ga(] ga(jfl)(xi))M(Ba(j))’ (7)

Jj=1

or equivalently as

3

Cu(xi) = ga(j)(xi)(M(Ba(j)) - M(Ba(jﬂ)))a (8)

where the subscript (-) denotes an ordering on N such that 0 = go0) < go1) < o2) < -+ < Gotn)s Bo) =

{U(j)v cee 70’(7’1)}, and BU(nJrl) =9
Based on the Mobius transformation, the discrete Choquet integral [I8] is evaluated as

Culer) = 3 m(Chmin g, (z,). (9)

C
T j€

Decision problems using Choquet integral aggregating n attributes require a consideration of 2" — 2 parameters
(except for u(B) = u(&) =0, p(B) = u(N) = 1), which are difficult to determine in reality. Therefore, to reduce the
complexity of parameter computation, scholars often use k-additive measures [I8]. In this paper, we adopt the most
concise from the 2-additive fuzzy measure, as described below.

p{7}) =m{j}), j €N,
p({g, kY = m({7}) +m({k}) +m({5, k}), {7k} S N,
p(B) = m{ih)+ Y m{ik}), BCN, |B|>2.

jeB {5,k}CB

(10)

Where the following conditions are satisfied as

(2a)normalization condition: m (&) = 0, Z {sh + Z m({j,k}) =1
JEN {4.k}CEN
B ({ '}> >0, jEN
(2b)monotonicity condition )+ Z ({j,k}) >0, j€N, BCN\{j}, B#£o
keB

Under the 2-additive fuzzy measure, the Choquet integral can be converted to the representation with Mdbius
transform as
Culw) = > m{iHg;(@) + > m{d,k}) min {g;(x:), ge(w:)}- (11)
JEN {4,k}CN

In MADM problems, the importance of each attribute is affected by both its intrinsic characteristics and its inter-
actions with other attributes within the dataset. The Shapley value, a game-theoretic concept, is commonly applied
to quantify attribute importance and interaction effects [34), B8]. Specifically,, the Shapley importance index ¢; for an

attribute j € N is given by
) m({j, k
o=m(ip+ Y MUEED, (12)

keN\{j}
While the Shapley interaction index ¢; j for any pair of attributes j, k € N simplifies to
@ik =m({j, k}). (13)

2.2.2 Preference aggregation based on Choquet integral

In MADM, DMs’ preferences can be divided into direct and indirect types, where the latter reduces cognitive load, as
they impose lower demands on DMs. This study integrates pairwise comparisons among alternatives or attributes into
the Choquet integral aggregation framework. The resulting preference-embedded Choquet model reveals non-additive
interactions among attributes, enhancing decision robustness.

For alternatives x;,z; € X and attributes g;, gr € G, the indirect preference information derived from the Choquet
integral is mathematically quantified as follows:
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- DMs believe that alternative x; is preferred to z; : x; > z; < Cp(x;) > Cu(xi).

- DMs believe that alternative x; is indifferent to z; : z; ~ z; & C,(x;) = Cp(ay).
- DMs believe that attribute g; is more important than g : g; > gx & @; > k.

- DMs believe that attribute g; is equally important as gi : g; ~ gk & ©; = Qk.

- DMs believe there is a synergistic interaction between g; and g : ¢, > 0.

- DMs believe there is a redundant interaction between g; and g : ¢, < 0.
Then, the above indirect preference information is represented by the set EPM as

Cu(z;) > Culxy) +¢, ifwy =y, x5, € X
Culz;) =Culxy), if a; ~ay, 25,01 € X
DM wj > o +e, ifgj =gk, k€N

©j =k, ifgj ~ gk, j,k €N

Yk =€, x>0, j,keN

v < —e, if@;r <0, jkeN

(14)

where ¢ is an auxiliary variable that transforms a strict inequality into a weak inequality [33].

This paper employs a 2-additive fuzzy measure-based difference-maximizing model [33] which systematically infers
DMs’ implicit preferences and calculates interactive weights among attributes to comprehensively characterize their in-
herent relationships. The resulting Choquet integral aggregation model incorporating indirect preferences is formulated
as

max €
{EDM (15)
s.t.
EC
where EPM represents the indirect preference information (i.e., Model (14)), and E¢ is the basic constraints that need

to be satisfied introduced in Section 2.2.1. All the constraints are adapted based on fuzzy measure selection criteria
and the M&bius transformation under the subsets E{ and EY'.

3 Construction of the novel MADM models

The MADM datasets can be categorized into four scenarios: (1) Aggregated value set known, the attribute value
set complete; (2) Aggregated value set known, the attribute value set incomplete; (3) Aggregated value set unknown,
the attribute value set complete; and (4) Aggregated value set unknown, the attribute value set incomplete. Note that
the aggregated value set Y = {y1, 92, ..., ym} denotes the set of attribute evaluations obtained via specific aggregation
methods for each alternative, while the attribute value set represents collections of attribute evaluations reflecting
inter-attribute relationships under each alternative.

Given the above four scenarios, this section constructs corresponding MADM models to fully explore attribute
information and improve decision accuracy and reliability. The modeling framework operates as follows:

(1) Attribute decomposition: The stochastic multi-attribute EMD method decomposes attribute data to gen-
erate two new feature sets, i.e., the trend term set and the deviation term set.

(2) Preference modeling: Using indirect preferences originated from pairwise comparisons over both feature sets,
a Choquet integral aggregation model is built to minimize expected loss and maximize decision divergence, by learning
attribute weight and inter-attribute interaction parameters, while conducting in-depth analysis of interactions among
alternatives and attributes.

(3) Attribute aggregation: Given the above derived parameters, both feature sets are aggregated with Choquet
integrals and indirect preferences, yielding the trend feature and the deviation feature aggregation sets.

(4) Decision ranking: A linear weighted approach is to re-aggregate both attribute sets, generating the final
decision scheme and determining the optimal rankings.

Due to incomplete attribute information in MADM problems, the targeted model faces fewer constraints and risks
of attribute parameter polarization. To mitigate such effects, this section introduces regularization terms [51], where
elastic net regularization combines L1 and L, regularization properties to prevent parameter polarization and enable
feature selection. Therefore, in the preference learning model constructed in this paper, it is incorporated into the
objective function as a penalty term to constrain the values of fuzzy measures. The elastic net regularization term [44]
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is defined as

n n
Lig =X |wj|+ XY w?, (16)
j=1 j=1
n n
where A ) |wj| is the L; regularization term, Ay w? is the Lo regularization term, Ay and Ag are the regularization
j=1 j=1

parameters, and w; is the attribute weights.

In this paper, w; denotes the fuzzy measure m({j}) or m({j,k}), j,k € N, j # k. At the same time, according
to the actual situation of the case in this article, Ay and Ay are determined using a grid search combined with 5-fold
cross-validation. Define A1, Ay € {0.001, 0.01, 0.1, 1, 10}, and then traverse all parameter combinations. For each set
(A1, A2), the average performance of the model is evaluated using 5-fold cross-validation, and the parameter combination
that performs best on the validation set is ultimately chosen [7], B0, 48], 49].

3.1 MADM models with known aggregated value sets

When the aggregated value set of a decision dataset is known, the attribute evaluation values for each alternative
and their aggregated values can be presented in tabular form, shown as Table[I} Aiming to minimize the error between
the aggregated value of alternative x; (i.e., f(g1(x;),...,gn(x;))) and its true value y;, we define the expected loss

m
function as n = > (f(g1(x4), ..., gn(xi)) — yi)Q. In this paper, the Choquet integral is employed as the aggregation
i=1
function (i.e., f(g1(xs),...,9n(z:)) = Cu(z;)) in all models, accounting for the interrelationships between attributes.
Its calculation is given by Formula (11). From this, we derive the aggregated values for all alternatives and define their

collection as the constraint set E4%.

EAR: Culai) =Y m({j}g; (=) + Y m({j. k}) min{g;(z:), gi(w:)}, i € M. (17)

JEN {4,k}CN

Therefore, for cases with known aggregated value sets, we establish an expected loss minimization MADM opti-
mization model, that pursues Pareto optimality in decision accuracy within deterministic environments, formulated as
follows

min 7
s.t B (18)

where EA% denotes the constraint set derived from the original decision information, and ES signifies the fundamental
normalization and monotonicity conditions.

Table 1: Decision dataset with known aggregated value sets

Program (z;) g1 IE In Yi
1 gi(z1) - gnlz1) W0
2 g1 (SUQ) e gn(wz) Y2
m g1 (Im) e gn(l"m) Ym

The Choquet integral-based aggregation method reveals that different alternative rankings support distinct values
of interactive attribute fuzzy measures. For a system with n interactive attributes, the alternative ranking contains
n! distinct records, meaning that there exist n! permutations of fuzzy measures for n attributes. Only when all n!
attribute orderings exist can each fuzzy measure be data-supported to obtain accurate values. Such scenario is referred
to as complete attribute value information; otherwise, it is incomplete. Consequently, when the aggregated value set is
known, MADM datasets can be further categorized into complete and incomplete attribute value classifications.

When the aggregated value set is known and attribute value is complete, the constructed expected loss minimization
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MADM optimization model is formulated as follows.
. h
min 7

i Ch (zi) — y; 2
EAR: Ch(z:) =Y m"{iNg; @)+ > m"({j,k}) min{g} (z:), 9% (z:)}, i € M

s.t JEN {5,k}CN (19)
"@)=0, Y m"(GhH+ > m"({i k=1
E2c JEN {j,k}CN
"+ > m " ({h kY = 0,m"({j}) 20, j € N, BC N\{j}
keB

The model aims to determine the optimal fuzzy measure by minimizing the error. The constraints consist of two
parts: the set E4%, which defines the alternative aggregation rules based on the 2-additive fuzzy measure and the
Choquet integral, and the set ES’, which specifies the normalization and monotonicity conditions on the fuzzy measure.
Here, the superscript h = {1,2} respectively represents trend features and deviation features, and {g; (x;)} = {C;(x:)}
denotes the objective trend feature set, while {g?(z;)} = {r;(z;)} represents the cognitive deviation feature set. Unless
otherwise stated, the same symbols retain these meanings in the following text.

When the aggregated value set is known but attribute value is incomplete, introducing an elastic net regularization
term effectively prevents parameter polarization. The extreme-case expected loss minimization MADM optimization
model is formulated below.

min nh + L1
W Lo =Y (Ch) =yl + 0 > ol [+ 22> (w))’
i=1 j=1 J=1
B Cu(a) = Y m" (N (@) + Y m"({4, k}) min{gj (), gk ()}, i € M 20)
st JEN {, k}CN
)=0, > m"({GH+ Y m"{ikh=1
EC JEN {j,k}CN
2
"{3H) + D> m" ({4, k}) = 0,m"({j}) =0, j € N, BC N\{j}
keB

This model introduces an elastic net regularization term on the basis of minimizing the error to determine the

optimal fuzzy measure. Here, the weight w;? corresponds to either the single-attribute weight m”({j}) or the pairwise

interaction weight m"({j,k}) (j,k € N, j # k) in the fuzzy measure m”".

parameters in the model remain consistent with those defined in Model (19).

The meanings of all other variables and

3.2 MADM models with unknown aggregated value sets

When the aggregated value set is unknown, decision information can be characterized by an attribute evaluation
matrix, shown as Table[2] The optimization models previously constructed are no longer applicable. However, indirect
preference information among alternatives and attributes can be readily provided, thus, given the known pairwise
preferences, the attribute evaluations per alternative are aggregated with the Choquet integral. As a result, it leads to
a difference-maximizing MADM preference learning model that achieves robustness under uncertainty via the maximum
entropy criterion, formulated as follows

max &
EAR

s.t. { EPM @)
Eg

where EAT denotes the dataset constraint from the original information, EPM represents the indirect preference over
alternatives and attributes, and ES signifies the normalization and monotonicity conditions.

In fact, preference relationships among alternatives and attributes may not be fully known due to various factors,
with only partial preference information available. Therefore, if the aggregated value set is unknown, we assess the
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Table 2: Decision dataset with unknown aggregated value sets

Program(z;) g1 92 e In
1 gi(z1)  g2(x1) o ga(z1)
2 gi(z2)  g2(x2) -0 gnlTm)
M (m) 0Em) o gu(tm)

completeness of attribute values based on indirect preferences, enabling the stratification of decision datasets into
complete and incomplete categories.

When the aggregated value set is unknown but attribute value is complete, pairwise preference relationships among
alternatives (or attributes) can be fully determined. By ranking alternatives in descending order, we build the difference-
maximizing MADM preference learning model as follows.

max €h

B Cilan) = 3 m"(Ngf @)+ D, m"({.k}) min{g]} (@), gi (@)}, i € M
JjeN {4,k}CN
CLL(Z‘Z) — CZ(J%—H) >0+ Eh, if a; = Tiy1, t €M, 1 7é m
) S CZ(IZ) - CZ(‘T’H-l) S 5, if Ty ~ Tij41, RS M, ) # m
o —h >0+ ifj -k, jkeN (22)
—§< P -l <4 ifj~k, jkeN
m'(@)=0, Y m"{jhH+ > m"{jk})=1

JEN {4.k}CEN

m"({5}) + Y mt({,k}) = 0,m"({j}) 20, j € N, BC N\{j}
keB

ED]\/I

s.t.

B

This model aims to determine a fuzzy measure that accurately reflects the DM’s cognitive structure while remain-
ing consistent with their preference information by maximizing preference consistency. In addition to the alternative
aggregation rules 4% and the fuzzy measure constraints ES, the constraints also include the set EPM  which trans-
forms the DM’s indirect preference information regarding alternatives and attributes into mathematical constraints.
Furthermore, ¢ is a small positive number. By adjusting §, we can modulate the sensitivity of partial rankings, thereby
better reflecting the underlying preferences or priority levels in the decision-making process [33].

When the aggregated value set is unknown and attribute value is incomplete, i.e., with only partial preference rela-
tionships of alternatives and attributes available, an elastic net regularization term is introduced to prevent parameter
polarization. Thus, we develop an extreme-case difference-maximizing MADM preference learning model below.

max " + Lis

n

n
et Lip=e"+N\ Z [wh| + Az Z (w;l)2

j=1 j=1
B Cl(w) =Y m"{iDg) @)+ D m {4k} min{g) (), gf (1)}, i € M
JEN {j,k}CN
Ch(z) = Cp(xy) 26 +¢€", ifay = ay, i,1€ M
— 8 < COl(xy) — Ch(wy) <6, if g ~ay, il €M (23)

s.t. EDM
<0L—<0h>5—|—€h if j =k, jke N
J kE = , 1] s I

—o< Pl —ph <5, ifj~k, jkeN
m'"(@2)=0, Y m"{iH+ Y. m{i k) =1
JEN {J,k}CN

m" (1) + S m" ({5, k}) = 0.m"({5}) = 0, j € N, BC N\{j}
keB

B
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Based on maximizing preference consistency, this model introduces an elastic net regularization term to determine
the optimal fuzzy measure, thereby seeking a balance between fitting the DM’s preferences and ensuring the model’s
generalization capability. The definitions of all other parameters and variables in the model remain consistent with
those in the preceding text and will not be reiterated.

Finally, based on the actual form of the data, the corresponding model (19)/ (20)/ (22)/ (23) is selected to derive
the attribute weights and interaction parameters between attributes for the two feature sets. Subsequently, these
parameters are aggregated to obtain the final combined set and the optimal ranking of the decision alternatives.

4 Case study

In investment environments, decision-making data presents two typical patterns: high-volatility and stable-state.
High—volatility data faces three core issues: motivation decoupling, noise separation, and risk quantification. Stable-
state data exhibits three salient characteristics: high scenario similarity, redundant attribute representation, and bal-
anced weight distribution. Conventional methods often fail to effectively distinguish long-term trends from short-term
fluctuations. Consequently, the method proposed in this study demonstrates unique advantages when processing such
investment data. This approach employs stochastic multi-attribute EMD to decompose the data into trend and devia-
tion terms, followed by the Choquet integral to model investor preferences and achieve final decision-making.

Consider 20 investment alternatives X = {x1,22,...,2Z20}, each evaluated across three financial attributes G =
{91, 92,93} (risk exposure, return potential, and liquidity). Let Y = {y1, 92, ..., ¥y20} denote the aggregated evaluation
values for each alternative. Based on the method proposed above, the optimal ranking of investment alternatives and
the interrelationship between attributes are explored. First, the stochastic multi-attribute EMD method decomposes
the decision dataset into trend terms and deviation terms, forming two attribute feature sets. Then, based on the
dataset structure, appropriate aggregation models are selected for subsequent analysis (Table [3] Table |4} Figure [2] -
. As observed from the decomposed dataset, this case falls under the known aggregated value set with incomplete
attribute value information category.

Table 3: Decision datasets known for attribute aggregation sets

Program(z;) ¢q1(z:) g2(zi)  9g3(zs) Yi Optimal ordering

1 9.4 7.8 6.2 6.888 3
2 2.2 4.1 .6 2.272 19
3 9 8.5 7.6 7.959 1
4 5.2 4.4 3.3 3.752 12
5 9.6 8.9 6.5 7.566 2
6 2.8 4.5 6.4 2.908 17
7 4.6 6.9 4.4 4.976 10
8 7.3 7.5 5.8 6.42 4
9 4.2 7.3 1.3 3.584 16
10 4.2 2.2 6.4 2.486 18
11 3.1 5.6 5.2 3.323 15
12 4.2 7.7 5.6 5.082 9
13 3.3 5.3 4.7 3.582 14
14 5.8 9.1 5.3 6.217 5
15 2.9 1.7 3.3 1.844 20
16 6.1 5.9 8.5 5.994 7
17 5.7 7.1 7.5 5.754 6
18 3.7 4.3 5 3.739 13
19 6.2 5.4 4.3 4.752 11
20 7.2 9.2 3.2 5.44 8

Based on the previous models, we can derive interaction relationships and attribute weights for both trend and
deviation terms, shown as in Table [5] and Table [6]
Attribute importance and interaction indexes for the trend term attribute set:

o1 = 0.3339; py = 0.4119; @} = 0.2542; @1 , = 0.3455; 1 3 = 0.3055; 3 5 = 0.0807.
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Table 4: Decision attribute sets of the trend and deviation terms

91(2:) 92(2:) 93(2:) Yi
Program(z:) — (z:) ri(zi) Colw) ralw) Cs(zi) rs(z)  y; yi
1 8.4814 0.9186 7.4031 0.3969 5.6832 0.5168 6.5112 0.3768
2 1.9850 0.2150 3.8914 0.2086 4.2166 0.3834 2.1477 0.1243
3 8.1205 0.8795 8.0675 0.4325 6.9666 0.6334 7.5236 0.4354
4 4.6918 0.5082 4.1761 0.2239 3.0249 0.2751 3.5467 0.2053
5 8.6618 0.9382 8.4471 0.4529 5.9582 0.5418 7.1521 0.4139
6 2.5264 0.2736 4.2710 0.2290 5.8666 0.5334 2.7489 0.1591
7 4.1505 0.4495 6.5489 0.3511 4.0333 0.3667 4.7038 0.2722
8 6.5866 0.7134 7.1183 0.3817 5.3166 0.4834 6.0688 0.3512
9 3.7896 0.4104 6.9285 0.3715 1.1916 0.1084 3.3879 0.1961
10 3.7896 0.4104 2.0880 0.1120 5.8666 0.5334 2.3500 0.1360
11 2.7971 0.3029 5.3150 0.2850 4.7666 0.4334 3.1412 0.1818
12 3.7896 0.4104 7.3082 0.3918 5.1332 0.4668 4.8040 0.2780
13 29775 0.3225 5.0303 0.2697 4.3083 0.3917 3.3860 0.1960
14 5.2332 0.5668 8.6369 0.4631 4.8583 0.4417 5.8769 0.3401
15 2.6166 0.2834 1.6135 0.0865 3.0249 0.2751 1.7431 0.1009
16 5.5039 0.5961 5.5998 0.3002 7.7915 0.7085 5.6661 0.3279
17 5.1430 0.5570 6.7387 0.3613 6.8749 0.6251 5.4392 0.3148
18 3.3384 0.3616 4.0812 0.2188 4.5833 0.4167 3.5345 0.2045
19 5.5941 0.6059 5.1252 0.2748 3.9416 0.3584 4.4920 0.2600
20 6.4964 0.7036 8.7318 0.4682 2.9333 0.2667 5.1424 0.2976
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Figure 4: Attribute trend feature set g3 (x;) = Cs(x;)

Table 5: Attribute fuzzy measures for trend term attribute sets

Fuzzy measure Not regularized After regularization

m ({g1}) 0.0000 0.0084
m'({g2}) 0.2049 0.1988
m!({gs}) 0.0000 0.0611
m!({g1,92}) 0.3372 0.3455
m!({g1,9s}) 0.4305 0.3055

m*({g2, g3}) 0.0273 0.0807
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Figure 5: Attribute trend feature set y}

Attribute importance and interaction indexes for the deviation term attribute set:

@ =0.2112; @3 = 0.503; ©3 = 0.2859; 7 , = 0.2445; ©F 53 = 0.1613; 3 5 = 0.2727.

Table 6: Attribute fuzzy measures for deviation term attribute sets

Fuzzy measure Not regularized After regularization

m2({g1}) 0.0000 0.0083
m2({ga}) 0.1372 0.2444
m2({gs}) 0.0000 0.0689
m2({g1,92}) 0.1125 0.2445
m2({g1,93}) 0.0447 0.1613
m2({g2,93}) 0.7056 0.2727

The final ranking was obtained by integrating both the objective trends and investors’ behavioral biases in this
paper, with the third alternative identified as the optimal one. As evidenced by the data in Table [§] and Table [6] it
shows successful optimization of the fuzzy measure system through regularization. Specifically, within the trend term
attribute set, originally zero-weight measures m!({g;}) and m*({gs}) respectively increased to 0.0084 and 0.0611, while
corresponding weights in the deviation term rose to 0.0083 and 0.0689, thereby completely eliminating attribute inval-
idation issues caused by data sparsity in the conventional methods. Concurrently, regularization effectively mitigated
parameter polarization phenomena. The interaction set m!({g1,g3}) in the trend term decreased by 29% (from 0.4305
to 0.3055), while m?({gs, g3}) in the deviation term plummeted by 61% (from 0.7056 to 0.2727), substantially enhancing
equilibrium in attribute weight distribution across both components.

The results of Shapley value further reveal the effectiveness of the dual-dimensional decision mechanism. Within
the trend term attribute set, the core position of ¢} = 0.4119 demonstrates that market risk factor g, serves as the
primary driver of long-term trends, while the strong synergistic effect of @%72 = 0.3455 validates the stable correlation
between enterprise value g; and market risk go. In the deviation term attribute set, the exceptionally high weight of
02 = 0.503 (exceeding 50% of the total) quantitatively confirms investors’ short-term overemphasis on risk attributes,
whereas the key interaction value g0§73 = 0.2727 unveils the dynamic hedging mechanism through which liquidity gs
counterbalances risk gs.
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In summary, this methodology constructs a decision-making paradigm integrating data decomposition with behav-
ioral preferences, achieving precise separation between objective laws and subjective cognition. It thereby establishes
a novel framework for complex investment decisions that concurrently embodies mathematical rigor and behavioral
adaptability.

5 Comparative analysis

In order to demonstrate the theoretical and practical advantages of our new method, this section uses relevant data
from m Brunelli and Corrente [I0] to conduct a comparative analysis with the Choquet integral aggregation method
used in their paper, while also further comparing it with several traditional multi-attribute decision-making methods
(WSM, TOPSIS, VIKOR). Assume an investment project is evaluated based on four attributes (g1 : expected return,
g2 : probability of success, gs : strategic impact, and g4 : operational impact), then each project’s attribute data is
observed by using our stochastic multi-attribute EMD-Choquet integral aggregation method. The results in Table [7]
reveal: (1) Trend term rankings exhibit significant divergence from the Choquet integral method. For example, Project
9 ranks 2nd in the Choquet integral method but drops to 9th in trend term rankings. (2) Deviation term rankings show
high consistency with the Choquet integral method.

Table 7: Comparison between the Choquet integral method and this paper

Project(z;) Choquet Trend term Deviation term  Overall ranking

1 9 8 9 9
2 10 6 10 10
3 3 2 4 2
4 1 1 1 1
5) 8 3 8 )
6 7 4 6 3
7 6 7 7 6
8 4 5 2 4
9 2 9 3 7
10 5 10 5 8

Further observation shown in Table [§| regarding the attribute importance indices reveals that:

(1) Significant differences exist between the trend term attribute importance indices and those in the Choquet
integral method, both in ranking and numerical values. The trend term attribute g3 surges to the top position with an
importance index of 0.5223, while substantial numerical disparities emerge among attributes, validating that the EMD
successfully strips away short-term noise, highlighting long-term value orientation, as evidenced by Project 6 rising from
7th to 4th place due to its g3 advantage.

(2) While the ranking of deviant term attribute importance indices shows high consistency with the Choquet integral
method, the numerical gaps between indices have widened significantly. The weight of expected returns g; surges to
0.4241, explaining the root cause behind Project 9 maintaining its high position (3nd) in the deviant term while
plummeting to 9th place in the trend term, investors’ excessive focus on short-term gains.

Table 8: Comparison of attribute importance index between the Choquet integral method and this paper

Importance index Choquet Trend term  Deviation term

©1 0.3015 0.3209 0.4241
P2 0.3007 0.1005 0.3448
©3 0.2246 0.5223 0.1187
P4 0.1741 0.0564 0.1118

The Results of attribute interaction indices are further exhibited, as shown in Figure [6]

(1) The Choquet integral method potentially contains a critical misjudgment: the negative interaction (-0.156)
between ¢ (expected return) and go (probability of success) contradicts the fundamental principle of positive risk-
return relationships in investment theory.

(2) Within the trend term, g3 forms a core interaction hub that establishes a return-strategy transmission mechanism
through strong synergy with ¢; (40.385), while its positive interaction with g4 (4+0.217) enhances the long-term value
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Figure 6: Heatmap of attribute interaction index
Note: Color hue indicates interaction type as red for synergy (positive interaction) and blue for redundancy (negative
interaction). Color darkness indicates the absolute strength of the interaction.

(3) Within the deviant term, heightened focus on risk hedging manifests through the strong synergy between go
and g4 (40.137), reflecting investors’ tendency to bundle operational risks with success probability in assessments.
Meanwhile, the negative interaction between g; and g5 (-0.038), significantly lower than the trend term’s +0.385,
empirically evidences cognitive simplification in short-term decision-making, where strategic linkages are systematically
neglected.

Below are the specific attribute evaluation values for each project, along with the decomposed trend term and
deviation term values (Tables EI, and .

To facilitate a more in-depth comparative analysis, we also employed several traditional multi-attribute decision-
making methods to calculate and rank the rank the alternatives, shown as in Figure []} The proposed EMD-based
method demonstrates significant and comprehensive advantages in systematic comparison with other multi-attribute
decision-making approaches (including WSM, TOPSIS, VIKOR, and the basic Choquet integral). The core advantage of
the method proposed in this paper comes from the two-dimensional decomposition of investment data. Specifically, the
original data is decoupled via the EMD method into trend terms, which reflects objective laws, and deviation terms,
which captures subjective cognition and short-term fluctuations. These components are then aggregated separately
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Table 9: Attribute evaluation values

Project(x;) g1(wi) go(xi) g3(xi) galzs)
1 0.25 0.2 0.2 0.6

2 0.15 0.2 0.1 0.8
3 0.7 0.15 0.7 0.4
4 0.9 0.05 0.9 0.9
5 0.4 0.5 0.35 0.3
6 0.4 0.6 0.3 0.4
7 0.3 0.7 0.1 0.7
8 0.25 0.8 0.2 0.6
9 0.15 0.8 0.1 0.8
10 0.05 0.9 0.05 0.7

Table 10: Attribute evaluation values-trend term

Project(zi) gi(zi) = Ci(wi) ga(wi) = Cowi)  g3(wi) = Cs(xi)  gi(ws) = Ca(wy)

1 0.1908 0.1026 0.0683 0.2611
2 0.4054 0.1026 0.0341 0.3481
3 0.7631 0.0770 0.2390 0.1741
4 0.6200 0.0257 0.3073 0.3916
5 0.3816 0.2566 0.1195 0.1305
6 0.3339 0.3079 0.1024 0.1741
7 0.2623 0.3592 0.0341 0.3046
8 0.1908 0.4105 0.0683 0.2611
9 0.0954 0.4105 0.0341 0.3481
10 0.0238 0.4618 0.0171 0.3046

Table 11: Attribute evaluation values-deviation term

Project(zi) gi(zi) =ri(w:) g5(wi) =ra(ws) g3(wi) = ra(wi)  gi(wi) = ra(z:)

1 0.0592 0.0974 0.1317 0.3389
2 -0.2554 0.0974 0.0659 0.4519
3 -0.0631 0.0730 0.4610 0.2259
4 0.2800 0.0243 0.5927 0.5084
5 0.0184 0.2434 0.2305 0.1695
6 0.0661 0.2921 0.1976 0.2259
7 0.0377 0.3408 0.0659 0.3954
8 0.0592 0.3895 0.1317 0.3389
9 0.0546 0.3895 0.0659 0.4519

—
o

0.0262 0.4382 0.0329 0.3954
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using the Choquet integral for learning.

In the correlation analysis of the methods (Figure [8] and E[), the underlying reason for its superiority is further
revealed. The proposed method maintains a high correlation with TOPSIS, with Spearman’s rank correlation coefficient
of 0.988 and Kendall’s tau correlation coefficient of 0.956, indicating that it effectively inherits the rationality of classical
ideal point-based approximation methods. Simultaneously, it exhibits a moderate correlation with the basic Choquet
integral, with Spearman’s rank correlation coefficient of 0.636 and Kendall’s tau correlation coefficient of 0.511, which
shows that while retaining the core capability of capturing attribute interactions, the unique ranking logic is generated
by the EMD preprocessing, which introduces a new and valuable dimension of information. The consistency analysis
(Figure reveals that the decision outcomes of the proposed method demonstrate moderate yet robust consensus with
other methods, as indicated by an average Spearman’s rank correlation coefficient of 0.741 and an average Kendall’s tau
coefficient of 0.599. Furthermore, due to the in-depth mining of data, its consistency level is significantly higher than
that of VIKOR and is comparable to classical methods like WSM and TOPSIS. In contrast, the basic Choquet integral
method, due to the lack of data decomposition, suffers from the defect of overemphasizing short-term fluctuations while
neglecting long-term trends, whereas methods like VIKOR show greater inconsistency in their rankings.

Consequently, the method proposed in this study has successfully, to some extent, overcome the analytical limitations
inherent in traditional approaches due to their reliance on undecomposed data. The trend term rectifies inflated rankings
and anchors long-term development patterns by elevating the weight of strategic impact g3 and restructuring interaction
networks. The deviant term quantifies short-term behavioral biases by amplifying the weight of return attributes gy
and capturing risk synergies. This methodology fundamentally addresses the inadequacy in decision analysis caused by
undecomposed data in conventional approaches, thereby establishing a novel paradigm for complex investment decisions
that integrates mathematical rigor with behavioral adaptability.
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6 Conclusion

Addressing the critical research frontier of attribute information mining in MADM, this paper introduces a novel
paradigm, the stochastic multi-attribute EMD-Choquet integral aggregation method. It is designed to capture the
connotative features of high-volatility data, excavate the deep structure of stable-state data, and quantify nonlinear
attribute interactions through fuzzy measures, allowing for the unified analysis of diverse data types in complex decision
environments.

The primary contributions can be summarized in three key innovations: First, a stochastic multi-attribute EMD-
based data feature mining method is proposed, which generates multiple attribute sets through stochastic non-repetitive
sampling and decomposes them into trend and deviation terms, achieving data expansion and deep feature extraction.
Second, an interactive preference aggregation model based on the 2-additive Choquet integral is constructed, which
characterizes nonlinear interactions among attributes through fuzzy measure learning and enhances the model’s adaptive
capability by incorporating indirect preference information. Finally, a multi-scenario MADM framework is established to
provide flexible decision support in complex environments. Comparative analysis results demonstrate that the proposed
method achieves an average Spearman’s coefficient of 0.741 and an average Kendall’s coefficient of 0.599, showing broad
robustness and consensus with classical methods. Furthermore, by leveraging deep data mining, it overcomes the
analytical limitations of traditional methods caused by undecomposed data, thereby validating its effectiveness and
practical utility.

While the proposed method offers advantages in terms of decision accuracy and interpretability, it still has certain
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limitations. On the one hand, as a data preprocessing technique, the EMD method relies on the assumption that the
data can be represented by a finite number of IMFs. Its decomposition results are susceptible to the effects of the
stopping criterion and boundary conditions, which may indirectly interfere with subsequent preference learning. On
the other hand, although the model based on the 2-additive Choquet integral controls the parameter scale, it still faces
a significant computational burden when handling high-dimensional attributes. Moreover, the model learning depends
on indirect pairwise preference information provided by the DM. When such information is insufficient or contains
substantial noise, it may compromise the robustness of parameter learning.

In response to the above limitations, future research can be further developed in the following directions. First, it
is necessary to evaluate the parameter settings of EMD in a broader range of scenarios and develop adaptive methods
to enhance its robustness. Second, the model theory itself can be extended by exploring more general fuzzy measures,
such as the Sugeno-type measure [I], to capture higher-order complex interaction patterns that go beyond pairwise
interactions. Third, at the application level, the model should be extended to complex systems such as medical resource
allocation and energy system optimization, in order to build domain-adaptive dynamic decision-making frameworks.
Finally, deep integration with advanced technologies such as deep learning and reinforcement learning could provide
new pathways for systematically uncovering implicit knowledge in MADM.
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